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Shape-Sensitivity Analysis and Design Optimization of
Linear, Thermoelastic Solids
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In this study, a numerical scheme is developed for shape-sensitivity analysis and design optimization of linear,
quasistatic, thermoelastic solids. In this scheme, the finite-element method is used as the analyzer for analyzing
stress, temperature, shape sensitivity, and design velocity field. Based upon the method of material derivatives,
both the techniques of the direct-differentiation method and the adjoint-variable method are applied to derive
the shape-sensitivity equations. The shape-optimization formulations discussed here include boundary integrals
of displacements and heat fluxes as well as domain integrals of stresses and areas. Numerical results show that
the proposed scheme works well in terms of accuracy.

Nomenclature
A0 = maximum allowable area
BI = body force
bj = design variable
C, D = C = [Ciju] and D = {D#*/]» where C/,*/ and DyM are

material constants
Fb = objective function of the fixed- fixed beam

problem
Ff = objective function of the thermal fin problem
ff @f y = functions defined in the generic functional^* i.e.,
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82 = constraint functions
heat-convection coefficient
identity matrix
thermal conductivity
length of a line segment
distributed load
internal heat source
heat flux defined as - k(dT/dn)
temperature distribution
prescribed surface temperature
ambient temperature
surface tractions
prescribed surface tractions
displacement vector
velocity field vector
y -direction displacement
unperturbed position vector
perturbed position vector
initial and required y position of the upper
boundary of the fixed- fixed beam
the coefficient of thermal expansion
unperturbed boundaries
strain tensor
Lame's constants
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a, ay = stress tensor
a0 = Vpn Mises stress
aa = maximum allowable stress
T = parameter monitoring domain variation
Q = unperturbed configuration
Qe = domain of an element
12* = perturbed configuration

I. Introduction

A PPLICATIONS of various computational methods to
optimally design the shapes of elastic components have

been the subject of study for more than two decades and have
been documented in the literature.1'5 The currently used ap-
proaches for shape-sensitivity analysis may be grouped into
two main categories: the continuum approach and the discrete
approach.

The continuum approach can be further classified into three
groups according to the way the shape variations are defined:
1) method of material derivatives4'6; 2) generalized calculus of
variations7'8; and 3) perturbation techniques.9*10

Although they employ different notations, all three meth-
ods yield a similar definition for shape variations. In this
study, the method of material derivatives will be used for its
simplicity in derivation.

In the discrete approach, the finite element method is com-
monly used to formulate the state equation in matrix form.
The shape-sensitivity equations can then be obtained either by
differentiating the matrix equations with respect to the design
parmeters11 or by using the finite difference method.4 In this
approach, the design parameters are the nodal coordinates of
the finite element mesh.

As mentioned earlier, the method of material derivatives
will be used in this study to investigate numerical schemes for
shape-sensitivity analysis and design optimization. The con-
cept of material derivatives is very similar to that of general-
ized calculus of variations.^ Using the concept of material
derivatives, methods for formulation and calculation of shape
sensitivities can be further classified as the boundary method
and the domain method, depending upon the form of the
resulting sensitivity integrals.

The shape-sensitivity equation derived by the boundary
method is usually represented by a boundary integral that is a
functional of the partial shape derivatives of state variables.
The domain method, on the other hand, yields a domain
integral as the shape-sensitivity equation, which includes the
total shape derivatives of state variables.
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To evaluate the sensitivity equations derived by the
boundary method, only the design velocity along the varied
boundary must be specified. This is a considerable saving in
computation. Nevertheless, the boundary method does not
always yield accurate sensitivity information, particularly
when the derived sensitivity equation is evaluated by the finite
element method. As for the domain method, it is expensive in
computation due to extra efforts needed to compute the do-
main design velocity. However, it can be comfortably used in
conjunction with the finite element method. In fact, with a
careful choice of the design velocity field, it has been proven
that for some particular engineering applications the domain
method is indeed equivalent to the discrete method.13'14

The main thrust of this research is to develop a reliable,
finite-element-based scheme for shape-sensitivity analysis and
optimization of linear, thermoelastic solids. Research efforts
in this regard have been reported in the literature.15'16 How-
ever, their efforts focused on theoretical derivation using the
boundary method, whereas in this study, the domain method
will be employed to derive sensitivity equations that will be
evaluated by the finite element method. Furthermore, numeri-
cal studies will be conducted to investigate the performance of
the developed finite-element-based scheme for sensitivity anal-
ysis as well as for design optimization. As mentioned previ-
ously, the reasons for selecting the finite element method to
support computation are its accuracy and its convenience with
regard to the sensitivity equations derived by the domain
method. One particular development in this study is to circum-
vent numerical difficulties associated with boundary integrals
that have not been effectively dealt with in many numerical
shape-optimization schemes. The boundary integrals referred
to here may be obtained from the mixed boundary conditions
of the heat-transfer problem, which is a part of thermoelastic-
ity, or may appear as constraints in terms of heat flux or
displacement defined along the boundary.

In See. II, the problem statements and state equations re-
garding the shape optimal design of linear, quasistatic, ther-
moelastic solids are given. In Sec. Ill, both the direct-differen-
tiation technique and the adjoint-variable technique will be
employed in conjunction with the domain method to derive
shape sensitivities of the functionals defined in Sec. II. In Sec.
IV, a design procedure incorporated with the derived sensitiv-
ity equations for shape optimization of thermoelastic solids is
presented. Numerical examples and their results are also in-
cluded in this section to assess the performance of the pro-
posed finite elemrit scheme. Finally, Sec. V outlines conclud-
ing remarks about this study.

II. Shape-Optimization Problems of a Thermal Fin
and a Fixed-Fixed Beam

Examples of shape optimization of a thermal fin and a
fixed-fixed beam will be defined in this section. These exam-
ples will serve as a vehicle to facilitate discussion on the
shape-design sensitivity analysis and optimization of thermoe-
lastic solids.

A. Optimal Design Problem Formulation
The purpose of a thermal fin is to dissipate heat in the solid

to which it is attached. The heat flux goes through the base of a
thermal fin whose cross section is shown in Fig. 1. In some
applications, the thermal fin will constantly be operated under
thermal stresses and deformations due to the rising tempera-
ture.

Let 0, F, and x denote the undeformed domain, boundary,
and coordinates, respectively. The objective of designing a
thermal fin is to decide the best profile of the thermal fin such
that the maximum amount of heat can be removed from the
system, subject to area and stress constraints. Thus, the objec-
tive function can be stated as the total heat flux passing
through the base of the fin. More specifically, the mathemati-
cal formulation of the aforementioned design optimization

problem may be expressed as

max

gl =

= qto (1)
Jr,

! - A0 <S 0 (2)

(3)

The functionals g\ and g2 defined in Eqs. (2) and (3) are
associated with the area and the elemental stress constraints,
respectively.

The second example will determine the initial geometry of a
loaded, fixed-fixed beam shown in Fig. 2, subjected to an area
constraint and a stress constraint, such that the top edge of the
deformed beam will stay straight. The beam is subjected not
only to a uniform load on P3, but also various thermal
boundary conditions that induce thermal deformations as well
as stresses. These boundary conditions are stated as a heat-
convection condition on T4, a prescribed temperature condi-
tion on F3, and a thermal insulation condition on F5. Conse-
quently, the beam can be modeled as a two-dimensional,
thermoelastic solid. Note that the same notations are used here
to denote the boundary contours of the thermal fin as well as
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Fig. 1 Thermoelastic thermal fin.
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530 HOU, SHEEN, AND CHUANG: LINEAR, THERMOELASTIC SOLIDS

the fixed-fixed beam. Nevertheless, it should be understood
that the entire boundary F of the domain Q is equal to FI UF2
for the thermal fin and equal to r3Ur4Ur5 for the fixed-fixed
beam.

The objective function of interest in a fixed-fixed beam may
be stated as the deviation between the positions of the de-
formed boundary and the desired straight boundary. Choos-
ing the x axis parallel to the beam axis, the objective function
may be expressed as

t = 0 on

where the coordinates y and y0 specify the initial and the
required positions of the boundary F4, respectively, and w(x)
is the y direction displacement of point x on F4. With an area
and a stress constraint, the shape-optimization problem of
concern can be mathematically defined as

(4)minFb = \ (y + w - y0)2 ds
r3ur4 Jr4

subject to Eqs. (2) and (3)

£2= -l) dQ<0

where the undeformed contours F2 and F4 are treated as the
design variables, and constraints gi and g2 are identical to
those specified previously.

B. State Equations of Thermoelastic Solids
The thermal deformation u (x) according to the linear, quasi-

static thermoelastic theory is the solution of the following
equation of equilibrium:

in Q (5)

with the stress-strain relationship

oij = Dijkieki(u) - rTdij

or, in terms of matrix notations

in fl (6)

(7)

where a- [o#] and e = [e//] are stress and strain tensors, re-
spectively, and D = [Ay/wl and C = [rdy] are matrices of mate-
rial constants. Under the assumption of small strain, the linear
strain-displacement relation can be applied to rewrite Eq. (7)
in terms of displacements as

or in matrix form

a = X V - w •/ + -rT-I

(8)

for x € 0 (9)

where r = a(2v + 3X).
The temperature in the thermal stress problem, Eq. (6), can

be obtained by solving the heat-transfer problem:

in (10)

For Eqs. (5) and (10) to warrant a unique solution, proper
boundary conditions should be specified. With regard to the
thermal fin problem as shown in Fig. 1, the linear thermoelas-
ticity equation has the displacement u and traction t prescribed
along FI and F2 as

(lib)

whereas the heat-transfer equation has the temperature and
the heat-convection conditions imposed along FI and F2, re-
spectively, as

T=T0 on

dTk-— + h(T - ̂  = 0on on F2

(12a)

(12b)

As for the fixed-fixed beam problem, a different set of
boundary conditions is derived. The linear thermoelasticity
equation entertains the following boundary conditions:

t = t° on F3

t = 0 on F4

u = 0 on

(13a)

(13b)

(13c)

where the boundary contours F3, F4, and F5 are defined in Fig.
2 and the only nonzero component, the y component, in the
prescribed surface traction t° is equal to the distributed load
P0- On the other hand, the heat-transfer equation is subjected
to the following boundary conditions:

T = TJ. —— JL n on F3

on on

(14a)

(14b)

u =0 on F, (Ha)

k— = 0 ori F5 (14c)

where Eq. (14c) denotes the thermal insulation condition on

III. Shape Design Sensitivity Analysis of Linear,
Quasistatic Thermoelastic Solids

Shape-design sensitivity analysis is used to calculate the
design derivatives of system responses with respect to changes
of shapes. With intensive research and development efforts,
shape-design sensitivity analysis has been recently put into
practical use in industry. Various approaches are reported in
the literature to find shape-design sensitivities. Among them,
the method of material derivatives is a popular choice. It has
been employed15'16 to perform shape-design sensitivity analysis
of thermoelastic solids. These works describe a set of sensitiv-
ity equations that are boundary integrals defined along the
boundary contours of thermoelastic solids. Because of its
popularity, the method of material derivatives will also be
employed in this study. However, in order to cope up with the
numerical difficulties associated with the finite element
method,17 a different set of sensitivity equations that mainly
consist of domain integrals is used.

In Sec. 111. A, the method of material derivatives is briefly
outlined. Section III.B introduces a direct-differentiation
method to find the material derivatives « and f. Section III.C
employs the adjoint-variable method to derive the shape sensi-
tivities of some generic functionals. Both methods in Sees.
III.B and III.C are derived based upon the variational forms
of state equations of a thermoelastic solid.

A. Method of Material Derivatives
Let the undeformed domain Q be perturbed to a new config-

uration Q* due to a design modification. This perturbation can
be viewed as a continuous transformation phenomenon be-
tween the original configuration 12 and the new one 0*. Let
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point P occupy the coordinate x in Q, and the new position of
this point x* in Q* is defined as

JC*(JC,T) = JC + TV(X) (15)

where T is a monitoring parameter and v is the position pertur-
bation, denoted as the velocity field. Note that only the first-
order term with respect to T has been considered in the preced-
ing representation in which v(x) can be any vector function.

In the context of material derivatives, any function or func-
tional should explicitly include the parameter T as one of the
independent variables to emphasize the direct relation between
the function or functional and the varied domain. Hence, in
shape-sensitivity analysis, a state variable z(x) is usually de-
fined as z(x, 0) at r = 0 in the unperturbed domain and as
z(x*j T) in the perturbed domain. The shape sensitivity of a
function or functional can be mathematically represented by a
derivative with respect to the time parameter "T" appearing in
Eq. (15). More specifically, the material derivative of a func-
tion z(x) is defined as

= *(x, 0)

(16)

= limz(x + TV(JC), T)-Z(X, 0)

With the preceding definition, the following relations can be
easily proven,4 and will be used later in the derivation

Vw = Vw - Vv • Vw (17)

where the symbol O is defined as dD/dr |T = 0 for any variable
D,and

V v r V n = E P ^ : /,* = 1,2, 3
j=lOXj OXk

(18)

The total material derivative of the strain tensor e(u) =
[e,y(w)] can be obtained by

e(w) = [€/y(w)] = >/2[Vw

= [e(w) - >/i[vv • Vw f (W • Vw)7]] (19)

Furthermore, with the definition of matrices D = [Ay*/] and
C = ICy], the material derivative of the stress tensor, o(u) =
[(r//(w)], can be written as

= De(ii) - HD'[vv • Vw .+ (Vv • Vw)7] - CT (20)

Next, defining general domain and boundary functional in
terms of temperature, thermal displacement, and stress as

= .
J

•..«,<*«)]'

/(T)= G(r, t, u)ds
Jr

(21)

(22)

Their respective material derivatives can be obtained as

I /dF dF dF ' \(-^.T+—u + —<7(u) + FdivV dfl (23)
a\dT du da /

* (24)

The computation of the second boundary integral in Eq.
(24) can be represented4 as

= G[V • v - (Vv
F

ds (25)

where ds denotes the material derivative of a differential arc
length. An alternative formula is proposed hereafter to com-
pute the preceding material derivative. It is noted that the
boundary F is usually composed of piecewise straight seg-
ments, as a result of finite elemeiU discretization. Thus, the
boundary integrals ../(T). and {r G ds, can be represented as

r m. r/
^= Gds= % \

Jr / = /J
Gds

and

—
Gd5

-
G.ds

(26)

(27)

where m is the number of linear segments, each with length //.
The variation of a linear segment 4 can be expressed as a linear
function of nodal velocities defined at the ends of the segment,
Equation (27) will be implemented numerically to aid the
shape-sensitivity calculations.

Finally, with all of the necessary relations being defined,
one can proceed to derive sensitivity equations to compute
w,(jc), 7(jc), 7(12), and 7(F) of a thermoelastic solid.

B. Direct-Differentiation Method for Shape-Sensitivity Analysis
of Thermoelastic Solids

To simplify the discussion, the derivation given in this sec-
tion is pertaining to the thermal fin problem. However, with a
simple modification, the conclusion can be directly extended
to the fixed-fixed beam problem.

Let 7iv= 0 and TTT = 0 be the variational integrals associated
with the state equations (5) and (10), respectively. Their de-
tailed expressions are given as

•-L - Pi dQ = 0

?Tr

= 1 (je(p)dQ- \ t-pds
Jo J TI

= -ArV 2 r -gdQ = 0
Jo

= 1 kVT- VgdQ- I qgds+ \
Jo Jr, J

(28)

h(T-TJgds (29)

Note that the boundary,conditions of the thermal fin problem,
expressed by Eqs. (11) and (12), have been taken into account
in the preceding formulation where p and g are arbitrary
functions.

With the aid of Eqs. (15-17), the material derivatives of
Eqs. (28) and (29) give

I - C7e(p)]

- I t-p ds +Rcr(v,p)
Jr,

f . r0 = 7rr= ^VT-Vgds- l -
Jo J:

-f /ztg ds
Jr,

(30)

Vgds + \ qg ds
r,

+RT(v,g) (3D
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where the remaining terms Ra and RT can be found as

Vw + (W •

+ I a(u)e(p) div v <
Jn -Jr.,-J, (32)

V F - ( V v V£div v

(33)

Careful examination reveals that the integrals presented in
Eqs. (30) and (31) are indeed variational integrals for u and T
in which the Ra(v,p) term may be viewed as the virtual work
done by a body force and the RT(v, g) term may be considered
as the energy term generated by a distributed heat source.
Moreover, by taking material derivatives of the boundary
conditions of the original state equations, Eqs. (11) and (12),
one obtains the proper boundary conditions required for
uniquely solving Eqs. (30) and (31):

on

on

f=0 on

on F2

(34a)

(34b)

(35a)

(35b)

The preceding boundary conditions help to specify the Euler-
Lagrange equations of Eqs. (30) and (31) as

and

where the stress-strain relation is described by

au = Dijki eki(u) - rfdfj

(36)

(37)

(38)

and the body force Bf and the internal heat source Q are
generated by the terms Ra(v,p) and RT(V> g), respectively. In
view of the original equations for u and T9 the material
derivatives u and Tmay be viewed as the pseudodisplacement
and the pseudotemperature defined in a linear quasistatic ther-
moelastic solid. This thermoelastic solid is subjected to a body
force and an internal heat source with zero T0 and T<* pre-
scribed on T, and F2, respectively. Consequently, the same
finite-element matrix equation used for solving u and 7" can be
applied here again, with a different force vector to solve for u
and T. Hence, one can take the advantage of the fact that the
stiffness matrix has already been triangularized to reduce com-
putational effort in solving u and f.

Note that u and T are linearly dependent upon the position
perturbation v(jc) as indicated in the right-hand side terms of
Eqs. (30) and (31). In other words, substituting basic vector
cvf(x) for v(x) into Ra and RT, we have <:«/(*) and cfi(x) as
solutions for an arbitrary constant c. Consequently, u(x) =
£&/£/(*) are the shape derivatives of u(x) with respect to the
design velocity v(x) which is equal to ££/v/(jr), a linear combi-
nation of basic vectors v/(jc).

In the following examples, the basic vectors v/(jc) for xeti
are constructed by analyzing a two-dimensional elastic prob-
lem defined in OUT with a unit load applied at each of the
nodes along the varied boundary/This elastic problem will be
solved by the finite element method. Each of such loads,
called the fictitious load, will generate a displacement field
that will be defined as a basic vector v/. As shown in Fig. 1, the
velocity field of the thermal fin has eight basic vectors, each of
which is the displacement caused by a unit load indicated by
an integer. The weighting factor of each basic vector bf will be
considered as a design variable. Thus, there are eight design
variables in the shape optimization of the thermal fin.

The validity of the solution procedure discussed here is
examined by numerically calculating T and u for the thermal
fin problem. The finite element model shown in Fig. 1 will be
used for the heat-transfer analysis, Eq. (10), as well as the
thermal stress analysis, Eq. (5). Note that f has to be solved
first before u can be solved by using Eq. (30).

The geometric dimension of the thermal fin is as follows:
the height of the fin is, from the tip to the base, 10 units and
the width of the base is 10 units as well. The numerical results
evaluated for the thermal fin problem, tabulated in Table 1,
are obtained based upon the following nondimensional pro-
perties: E = 0.2067 x 105> ? = 0.334, a = 0.12xO-3, h =
0.005, k = 1.0, T0 = 500, and T* = 300. The values in the
second and fourth columns denote the exact difference be-
tween the unperturbed and the perturbed horizontal displace-
ment and temperature at the point where the fictitious load is
applied. On the other hand, the values in the third and fifth
columns are calculated by using the approximations Aw* =
iix • Abi and AT = T• AZ?/. The change in design variables A&/
is equal to 1 in this example. The numerical results show that
the u and T are computed with high precision.

C. Adjoint-Variable Method for Shape-Sensitivity Analysis of
Thermoelastic Solids

The ad joint-variable method will be employed in this sec-
tion to derive shape sensitivities of functionals defined in the
shape-optimization problems discussed earlier. For simplicity,
a generic functional ^ will be adopted here to illustrate the
derivation procedure:

ds \(u) ds (39)

In the preceding functional,/(7\a), /3(q)9 and \(u) are defined
as a function of the temperature and stress over the domain 12,
the heat flux on the boundary region Fa, and the displacement
distribution on the boundary region Tb, respectively. Let the
generic functional be defined in a thermoelastic solid sub-
jected to external loadings and thermal effects with the follow-
ing natural boundary conditions:

t = t°

t = 0

q = 0

on Ta

on Tb

on Fc

(40a)

(40b)

(40c)

The variational equalities of ira and TTT associated with this
problem can be written as

(41)

' ds - \ qgte (42)
Jr f l

= I (je(p)dQ- 1 t°-pds- I t-pds
rc

= A r v r - V £ d $ } + h(T-
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Table 1 Shape-sensitivity coefficients by using direct-differentiation method

Design Changes in
variables , £>/ ux , 1 0 x 1 0 - 6

1
2
3
4
5
6
7
8

1.626508
2.959593
2.909182
1.734405
0.140420
2.455845
5.239494
8.056798

First-order Changes in First-order
approximation, 10 x 10~6 T, 10 x 10~4 approximation, 10 x 10~4

1.626533
2.959780
2.909589
1.735036

-0.139587
-2.454830
- 5.238366
- 8.055815

- 2.240880
- 3.883854
- 5.014175
- 5.649520
- 5.677201
- 4.835271
- 2.546009

2.723496

:onvection condition is imposed on Tb . Never- i = 0
/e equations help to redefine the functional \l/
TST whose material derivative is then given as # = 0

- 2.240876
- 3.883847
- 5.014163
- 5.648506
- 5.677189
- 4.835258
- 2.545953

2.723858

on Tb

on Fc^ = ^ + fl-a+7r r . The first term on the right-hand side can be
derived by using Eqs. (15-27) as

+ I i^)-uds

where the remainder term R^(v, u) can be found as

i f v-R^(Vy u) = --1 — D [ V v • V« + (Vv • Vw) J d\l

f f — f —+ I / div u dO + 1 /3 ds + 1 y ds
J Q J Ta J Tb

Similarly, ira = 0 and ^7 = 0 yield

(43)

(44)

= 7ra = [De(u)e(p)-CTe(p)]dti- t-pds
Jo Jrc

=
J

(45)

(46)

where ̂ (v, p) and /?r(v, g) are summarized as

\a(u) •-[( vv • Vp) -f ( W • Vp)7] dQ

- 1 -
Jn2 Vw + (Vv

+ 1 a(u)e(p) div v i
Jo

f -i.
I- 1 t°-p ds

Jrf l
(47)

j ,Jn
kVT- Vgdiv vd f l+ h(T-'

Jr6

ds (48)

Note that the preceding derivation is based on the following
relations:

on (49a)

(49b)

(49c)

and the assumption that the boundary Fc is not varied, which
results in ~3s - 0 on Fc. Rearranging Eqs. (45-48) yields

n
i-pds \

rc J

r
^-

L»ff

, u) , p) , g) (50)

for arbitrary functions p(x) and g(x). One may specify these
two arbitrary functions such that all terms involving u and f
become zero and can then be eliminated from ^. For example,
define the adjoint variable X such that X is the solution of the
following adjoint equation for any arbitrary z:

r

- /(z)X ds = 0 (51)

If the arbitrary function p is replaced by the adjoint variable
X, the terms in the first bracket of Eq. (50) will become zero
because of Eq. (51), regardless of the values of u. The adjoint
equation, Eq. (51), can be viewed as a variational identity for
the adjoint structure with the displacement field X, which
satisfies

n (52)

and boundary conditions

r(X) = o on Fa

t(\)= --i' on T,ou (53)

x = o on Tc

where the constitutive equation is given as

= D,jk,ek,(\) (54)

The last term in the constitutive relation can be considered as
an initial stress appearing in the adjoint structure. Similarly,
one can define another adjoint variable /i(jc) to be the solution
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of the following identity for any arbitrary function

0= Ce(X)-— C j wda

I /-ao \ P
- k( — + fji )q(w) ds 4- /zwji ds

ra \dq / Jr*

(55)r,
and the following differential equations can be used to deter-
mine /J:

in Q

on

k— +on

(56)
= 0 on

on Tc

where the term (df/dT) - Ce(X) - (df/do)C may be consid-
ered as the distributed heat source generated by the strain field
e(A) of the adjoint structure defined in Eq. (51). Note that
substituting n for g and w for Tinto Eq. (50) makes the second
bracketed term of Eq. (50) become zero with the condition
f= 0 on Ta. Finally, one obtains a simpler form of i/ by
replacing the arbitrary variables in Eq. (50) by the adjoint
variables

9 u) , X) + RT(v, (57)

where $ is clearly a linear functional of the design velocity

It is interesting to note that the adjoint structure, described
by Eqs. (52-54), can no longer be considered as a thermoelas-
tic solid. In fact, the adjoint "temperature" can be solved
only after the adjoint "displacement" has been first solved.
This solution procedure reverses the sequence of solving a
linear, quasistatic thermoelastic solid. Nevertheless, the finite
element matrix equations established for solving the original
system of Eqs. (5) and (10) can be directly applied here, with
a modification of the force vectors, to evaluate the adjoint
variables.

The adjoint equations, Eqs. (52-54) and (56), are derived
from the generic functional of Eq. (39). Hence, in order to
address the specified application problems studied in this pa-
per, these adjoint equations need to be modified.

For the thermal fin problem, the boundary conditions of the
generic problem should be modified as follows: Ta is FI; Tb is
F2; and Fc is discarded in this case. The objective function
given in Eq. (1) provides / = 7 = 0 and d/3/dq = 1. Further-
more, in view of the stress constraint given in Eq. (3), one can
specify df/dT = 0 = 7 = 0 and df/dv = 0 everywhere except in
the element of concern, 12e. As for the fixed- fixed beam prob-
lem, the boundary segments of the generic problem are rede-
fined as follows: Ta is T3; Tb is F4; and Tc is r5. Furthermore,
the objective function of this fixed-fixed beam problem can be
represented by the generic functional with the following mod-
ifications: / = 0 = 0 and dy/dw = 2(y + w - y0).

Next, the finite element models of the thermal fin and the
fixed-fixed beam are shown in Figs. 1 and 2 with 162 and 120
constant-strain-triangle elements, respectively.

~Tn this study, the thermal~fln problem has eight design
variables and the fixed-fixed beam problem has 20 design
variables. Note that symmetry has been considered in con-
structing Fig. 2b. The geometric dimension, material proper-
ties, and thermal loading of the thermal fin problem are the
same as those given in Sec. III.B. For the fixed-fixed beam
problem, the geometric dimension is a 20 units by 3 units
rectangular beam subjected to a uniform loading of P0 = 100
units with the following nondimensional properties: E =
1 x 105, v = 0.25, a = 0.12 X 10~4, h = 0.005, k = 1.0, T0 =
80, and T00= -100. With the aid of the finite-element
method, thermal stress analysis, basic velocity calculation,
and adjoint-variable analysis can be accomplished by using the
same finite-element model. The shape-sensitivity integrals of
Eq. (57) can then be evaluated numerically. The validity of
Eq. (57) is verified by comparing the actual changes in func-
tionals due to small design perturbations to the changes ap-
proximated by using the first-order Taylor's series expansion.
Note that in this numerical study, every design variable is
perturbed by the same amount of variation.

The numerical results reported in Figs. 3-5 clearly validate
the sensitivity equations presented in this section.

IV. Shape Optimization of Thermoelastic Solids
Once thermal stresses, displacements, and design-sensitivity

coefficients are calculated, one can proceed to perform shape
optimization. The gradient-based, optimization algorithm se-
lected in this study is called LINRM, a recursive quadratic
programming algorithm with an active set strategy. The de-
tailed derivation of this algorithm can be found in Refs. 18
and 19. The fundamental concept of this algorithm is that,
rather than directly solving the optimality criteria, a small
perturbation for each design variable is determined in each
iteration to reduce the objective function and correct the viola-
tions. In this algorithm, the changes in the objective function
and the constraint violations are approximately represented by
the design-sensitivity coefficients. Furthermore, it has been
proven that the LINRM can converge to a local minimum as
soon as the I2 norm of the perturbation of design variables
approaches zero. Thus, the /2 norm of the perturbation of
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Fig. 3 Shape-sensitivity analysis of heat flux functional (thermal fin
problem).
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Fig. 4 Shape-sensitivity analysis of stress functional (thermal fin
problem).
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Fig. 5 Shape-sensitivity analysis of displacement functional (fixed-
fixed beam).

design variables is often used as a convergence criterion in
LINRM.

The conceptual procedure for shape optimization of a ther-
moelastic problem is outlined as follows:

1) Start with an initial geometry.
2) Function evaluation: a) Solve temperature distribution

T(x) from the heat-transfer problem, Eq. (10). b) Calculate
the thermal deformation u(x) from the state equation of a
linear, quasistatic thermoelastic solid, Eq. (5).

3) Gradient evaluation: a) Construct basic vectors v,(x). b)
Formulate the adjoint loading for the adjoint structure, c)
Solve the adjoint displacement, Eqs. (52-54). d) Solve the
adjoint temperature, Eq. (56). e) Calculate shape-sensitivity
coefficients, Eq. (57).

4) Design improvement using LINRM algorithm: a) Solve a
quadratic subproblem to find the best search direction, b) Use
one-dimensional search to find a proper step size.

5) Update the configuration profile.

Fig. 6a Shape optimization of a thermal fin (case 1).

• Fig. 6b Shape optimization of a thermal fin (case 2).

6) Check the convergence criteria. If the convergence crite-
ria satisfy, stop. Otherwise, go back to step 1.

Two design problems, the thermal fin and the fixed-fixed
beam, are to be investigated in the following sections.

A. Shape Optimization of a Thermal Fin
The design formulation for shape optimization of a thermal

fin is described by Eqs. (1-3). The initial design of a thermal
fin is a triangle with an area of 50 units. A finite element mesh
finer than the one shown in Fig. 1 will be adopted in this
study, consisting of 361 nodes and 648 constant-strain-triangle
(CST) elements. The area is constrained not to exceed 30 units
and the maximum allowable stress in the stress constraint is
equal to 140 units. The information of geometric dimension
and material properties have been given in the numerical ex-
ample in Sec. III.B. There are 34 design variables assigned to
describe the profile of F2. The results may be summarized as
follows:

Case 1
The objective function Fb defined by Eq. (1) is maximized to

find the optimal profile of a thermal fin. The only constraint
considered in this case is the area constraint, Eq. (2). It takes
eight iterations of LINRM to reach convergence. The optimal
profile is shown in Fig. 6a. The objective function changes
from an initial design of 21.20 units to a final value of 20.92
units. At the final stage, the area becomes 30.0 units and the
maximum Von Mises stress 212.73 units.
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b) Initial design after deformation
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Fig. 7 Shape optimization of a loaded fixed-fixed beam.

ity analysis of various domain and boundary integrals have
been reported in Sec. III. The shape-sensitivity equations have
been represented in the form of linear functional of design
velocity. The finite element method has been established to
evaluate shape-sensitivity coefficients numerically. The results
of the numerical study show that the computational scheme
discussed in this section is a valid appproach. Furthermore,
there are two observations worthwhile mentioning here:

1) The sensitivity equations derived by either the direct-dif-
ferentiation or the adjoint-variable technique are very much
similar to the state equations governing thermoelastic solids.
Consequently, in the entire direct-equation solving procedure,
calculation of the total variations u and Tor the adjoint
variables can be efficiently performed without matrix factor-
ization.

2) The state equations of a linear, quasistatic thermoelastic
solid are uncoupled for temperature and thermal displacement
calculations. The computational procedure usually starts with
heat-transfer analysis followed by thermal stress analysis.
However, the adjoint equations, although in the same form as
the state equations of thermoelasticity, yield a different physi-
cal interpretation and a different solution procedure. The
adjoint structure is not a thermoelastic solid by an elastic one
with initial stress, in which the "adjoint stress" has to be
calculated first before the "adjoint temperature" can be
found.

Case 2
In this case, the stress constraint, Eq. (3), is included in the

problem formulation. It takes nine iterations to arrive at the
optimal solution in which the final objective function becomes
20.95 units. The optimal profile, shown in Fig. 6b, has an area
of 30.0 units and the maximum Von Mises stress is 124.76
units. Note that the optimal design of this case is slightly better
than that of the preceding one. A possible explanation is that
the shape-optimization problem of a thermal fin has many
local minima as reported in Refs. 20 and 21, which can easily
trap the LIHRM algorithm known to be quite sensitive to a
local minimum.18

B. Shape Optimization of a Uniformly Loaded Beam
This example will determine the initial geometry of a

loaded, fixed-fixed beam shown in Fig. 2, subject to an area
and a stress constraint, such that the top edge of the deformed
beam will stay straight. The objective function of the design
problem is mathematically described by Eq. (4).

The finite element model of the beam consists of 84 nodes
and 120 CST elements. The information of geometric dimen-
sion, material properties, and loadings are provided in the
numerical example in Sec. III.C. The area is constrained not
to exceed 30 units and the maximum allowable stress is given
as 1467 units. The reference datum y0 is set to 3 units, and
there are 20 design variables assigned to describe the
boundaries F3 andT4, as shown in Fig. 2b. The optimization
algorithm, LINRM, takes four iterations to reach the optimal
solution. The geometriqal configurations of the initial and the
optimal beams, with and without deformation, are given in
Fig. 7. The initial values of the objective, the area, and the
stress constraints are 0.533, 60, and 1117 units, respectively,
which are varied to 0.003, 50, and 1460 units, respectively, at
the optimum design.

V. Discussion and Concluding Remarks
The main objective of this research was to develop a theo-

retical derivation and perform numerical studies for shape-
sensitivity analysis and design optimization of thermoelastic
solids, which have been demonstrated with great accuracy*

Using both the direct-differentiation and adjoint-variable?
techniques, the mathematical formulation for shape-sensitiv-
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